We have considered the holographic large N c QCD model proposed by Sakai and Sugimoto and evaluated the non-Abelian DBI-action on the D8-brane upto (α ′ ) 4 terms. Restricting to the pion sector, these corrections give rise to four derivative contact terms for the pion field. We derive the Weinberg's phenemenological lagragian. The coefficients of the four derivative terms are determined in terms of g 2 Y M . The low energy pion-pion scattering amplitudes are evaluated. Numerical results are presented with the choice of M KK = 0.94GeV and N c = 11. The results are compared with the amplitudes calculated using the experimental phase shifts. The agreement with the experimental data is found to be satisfactory.
I.Introduction
A study of pion-pion scattering is one of the methods to investigate the nature of the strong interactions. The standard approach at low energies is the use of the chiral perturbation theory, which enables one to calculate the scattering amplitudes near threshold [1] . The pion physics at low energies is described by the effective chiral lagrangian,
where U = e 2i fπ Π(x) , Π(x) is the pion field, f π ≃ 95M eV , is the pion decay constant and M = 
where s, t, u are the Mandelstam variables satisfying s + t + u = 4m
The real scattering amplitudes of definite isospin R I (s, t, u) are given by R 0 (s, t, u) = 3A(s, t, u) + A(t, s, u) + A(u, t, s), R 1 (s, t, u) = A(t, s, u) − A(u, t, s), R 2 (s, t, u) = A(t, s, u) + A(u, t, s),
where, s = 4( p dcosθ P ℓ (cosθ) R I (s, t, u),
with I = 0, 1, 2. The current-algebra result (2) gives T 0 0 rising almost linearly with √ s thereby violating the unitarity bound, namely, |T I ℓ | ≤ 1 2 even below 1GeV. Dispersion theoretic study by Roy [3] gave the result for the above amplitudes consistent with the unitarity bound. However, the various parameters involved are to be determined by the experimental data.
Weinberg [1] , in his phenemenological approach, suggested adding two more terms to (1) involving four pion field (four derivative contact terms) with arbitrary coefficients as
where a and b are dimensionless constants and L ef f is given by (1) . The effect of the additional terms in (5) on pion-pion scattering has been studied by Sannino and Schechter [4] . They required, arbitrarily, the contribution from these terms to be zero at threshold and consequently chose b = −a and found for a ≃ 1 × 10 −3 . The four derivative contact terms' contribution pull the T 0 0
curve to avoid violation of unitarity below √ s = 1GeV . While this feature is encouraging, the choice b = −a and the numerical value for a are arbitrary. Various phenemenological studies [5, 6, 7, 8] have been successful in obtaining the behaviour of the scattering amplitude, making use of the experimental data on phase shifts and are consistent with unitarity.
Recently, a holographic dual of QCD with N f massless quarks, using D4/D8− D8 brane configuration in Type II-A string theory, with in the frame work of AdS/CFT [9, 10] , has been proposed by Sakai and Sugimoto [11, 12] ( hereafter referred to as SS-1 and SS-2 respectively) describing low energy phenomena of large N c QCD. The pion effective action obtained in this model is the Skyrme action. The chiral lagrangian derived from SS-1 and SS-2 is found to describe the axial coupling g A and the electromagnetic form factors of the nucleon [13, 14, 15, 16] . Further, the spontaneous breaking of the chiral symmetry has a geometrical meaning in this model. As the model of SS-1, SS-2 describes the low energy QCD in the large N c limit, it is worthwhile to examine this model to understand the low energy pion-pion scattering, in particular to derive (5) from this model.
It is the purpose of this paper to derive the lagrangian (5) from a holographic dual of QCD of SS-1 and SS-2. Though pion-pion scattering was considered in SS-2, their chiral lagrangian was just (1) . By including the (α ′ ) 4 corrections to the non-Abelian DBI action on the D8-brane, we obtain (5) with the coefficients a and b determined in terms of g 2 Y M in the large N c limit. Our results are:
Clearly, the arbitrariness in choosing a, b in [4] is removed and the coefficients are determined in terms of g 2 Y M . Our results show that b = −a. We have evaluated the partial wave scattering amplitudes in (4) using the value of g
at large N c and taking the Kaluza-Klein scale in SS-1 to be that of proton mass. Our results respect the unitarity bound for the amplitudes for N c ≥ 11 and are in good qualitative agreement with the experimental data.
II. Brief Review of Sakai-Sugimoto model
The model in SS-1 (SS-2) starts with the near horizon limit of a configuration of N c D4-branes wrapping a circle in the 4-direction and the N f D8 and N fD 8 branes placed at the anti-podal points of this circle. The D4 background consists of N c flat D4-branes with one spatial world-volume direction compactified on S 1 and is given by the supergravity solution of Kruczenski, Mateos, Myers and Winters [17] . The space-time extension of the D4-brane and the D8/D8-branes can be neatly given by the schematic diagram below. 0 1 2 3 4 5 6 7 8 9
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Here the * denotes the extended directions of the branes. The x 4 direction is compactified on a circle of radius M , all in the adjoint representation of the gauge group U (N c ). It has been argued in [11, 12] that the mass terms of the scalar A D4 4 and Φ i are produced by one-loop corrections and their trace parts (massless) do not play important role in the low energy physics. Thus at energies lower than M KK , we have pure Yang-Mills theory in (1 + 3) dimensions.
Next one introduces N f flavours of quarks by placing a stack of N f overlapping D8 andD8 branes at the anti-podal points of S 1 (compactified x 4 ). From the 4 − 8 and 4 −8 strings (the open strings with one end attached to the D4 -brane and the other end to the D8-brane and similarly withD8-brane) we obtain N f flavors of massless fermions in the fundamental representation of the U (N c ) gauge group. These fermions are interpreted as quarks in QCD. The chirality of the fermion created by the 4 − 8 strings is opposite to that created by the 4 −8 strings (asD8-brane is D8-brane with opposite orientation). So the
The compactification of x 4 which is responsible for breaking the supersymmetry (with antiperiodic boundary condition for fermions) plays a crucial role in getting a geometric understanding of chiral symmetry breaking. To see this, we consider the D4-background supergravity solution [17] with x 4 as τ :
where x µ (µ = 0, 1, 2, 3) and τ are the directions along which the D4-brane is extended, dΩ 4 , ǫ 4 , V 4 = 8π 2 3 are the line element, volume form and the volume of unit S 4 , R(= R D4 ) and U KK are parameters and the coordinate U is taken to be bounded from below (U ≥ U KK ). U = U KK corresponds to a horizon in the supergravity solution. g s (= e <φ> ) is the string coupling and R 3 = πg s N c ℓ 3 s , ℓ s being the string length. At U = U KK there is a conical singularity in (7) . The conical singularity is avoided by using the fact that τ (= x 4 ) is periodic One introduces the flavors by placing a stack of N f overlapping D8 and D8-branes at the anti-podal points of the compactified S 1 , producing the global
symmetry which is visible on the D8 andD8-branes as chiral gauge symmetry. In the probe limit N f << N c , the back-reaction of the D8-branes (andD8-branes) on the background (7) is negligible. The induced
Let us set
dτ 2 . Assuming τ periodic with period 2πβ, let φ = β −1 τ , so that φ has a period 2π. Then,
. This is a standard cone with singularity at y = 0. When α = 1, we have dy 2 + y 2 dφ 2 = dX 2 + dY 2 , the conical singularity disappears and the period of τ is 2πβ = 2πh(U KK ) which is 2π
metric on the D8-brane embedded in the D4 background (7) with
where
The submanifold of the background (7) spanned by τ and U has the geometry of a cigar where the minimum value of U at the tip of the cigar is U KK . The D8 andD8-branes placed at the antipodals of S 1 are well separated giving the
This can be seen by following the curve U (τ ) to U = U 0 at which U ′ = 0. To see this, we consider the Dirac-BornInfeld (DBI) action on the D8-brane. The Chern-Simons term does not affect the solution of the equations of motion [11, 12, 16, 18] .The DBI-action on the D8-brane is
s is the tension of the D8-brane and g i is the induced metric given by (9) . Using (9), we find (10) as
whereT 8 includes the integration of all coordinates except τ . As the integrand in (11) is independent of τ , the equation of motion gives the 'energy' conservation as
where we assume that there is a point U 0 at which the profile U (τ ) has a minimum, U ′ (U = U 0 ) = 0. The solution in which as U → ∞, τ goes to 0, L (say) has been analysed by Aharony, Sonnenschein and Yankielowicz [18] and for an asymptotic separation of L, the configuration stretches down to a minimum at U = U 0 > U KK . At U = U 0 , the D8-branes and theD8-branes overlap, breaking the chiral symmetry
Thus, the chiral symmetry breaking has a geometric description, namely, the D8-branes andD8-branes meeting at U = U 0 > U KK . Recently, Bergman, Seki and Sonnenschein [26] and Dhar and Nag [26] have modified SS-1 model by incorporating the open string tachyon between D8 andD8 branes, particularly important when they meet and showed that tachyon condensation is responsible for the spontaneous breaking of chiral symmetry.
In order to describe the D8-branes in the probe approximation, it is found to be convenient to introduce new coordinates (y, z) = (rcosθ, rsinθ) with
τ so that the metric written in (y, z) is smooth and consider the probe D8-brane placed at y = 0 extended along the z direction. This brane configuration corresponds to a D4/D8/D8 system representing U (N c ) QCD with N f massless flavors. (see SS-1 and SS-2 for details). This system has SO(5) symmetry corresponding to the rotations of S 4 . As QCD does not have SO(5) symmetry, states invariant under SO(5) rotations alone are considered. The induced metric (9) can be written as [11, 12] (ds)
with
, and the D8-brane extends along x µ (µ = 0, 1, 2, 3) and z directions, wrapping around S 4 . The gauge field on the D8-brane has nine components, A µ (µ = 0, 1, 2, 3), A z , A i (i = 5, 6, 7, 8) and to focus on the SO(5) singlet states, A ′ i s are set equal to zero. Further, A µ and A z are taken to be independent of the coordinates on S
4 . An effective action for mesons is obtained in SS-1 (SS-2) from the non-Abelian DBI-action of the probe D8-brane in a gauge A z = 0. The gauge field A µ (x µ , z) is expanded as
with Π(x) as the pion field. The mode function ψ n (z) satisfies
with the normalizatioñ
An effective 4-dimensional action for the pions was obtained by SS-1 (SS-2) from the DBI action on the D8-brane, by omitting the second term in (14) and integrating the z-coordinate as
where one sets
This action coincides with the Skyrme action [19] , upon identifying f π as the pion decay constant. The action for vector mesons along with their properties were obtained in [11, 12] .
In [11] , pion-pion scattering, pion-vector meson interaction and decays of vector mesons were studied. In the study of pion-pion scattering, it was found in [12] that when the infinite tower of massive vector mesons were included, scattering was governed only by the chiral lagrangian (the first term in (19)) for pions. This term is exactly the same as (1) and so the 'Weinberg terms' in (5) are not obtained in the above holographic description. Phenemenologically, the pion-pion scattering has been described by including scalar and ρ-meson exchanges, as in [4] and in [20] . Recently, Harada, Matsuzaki and Yamawaki [21] studied the implications of the Sakai-Sugimoto model with hidden local symmetry [22] . By keeping n = 1 vector meson (rho meson) in (14) and integrating the remaining (n > 1) mesons, they obtain a lagrangian containing pions, scalars and rho meson fields. This gives a better estimate of ρ−π −π coupling. By using this lagrangian to describe pion-pion scattering, one can relate the phenemenological approach [4, 20] to SS-1/2 model. In [21] , (their eqn.27) the resulting lagrangian contains besides the Skyrme term, O(p 4 ) terms. They [21] consider quantum loop corrections to describe low energy pion-pion scattering. We are considering the tree level of the SS-1 (SS-2) but include the α ′ 4 terms to describe the low energy pion-pion scattering. This in effect captures the results of the quantum calculations of [21] . This motivates us to consider α ′ 4 terms in the DBI action on the D8-branes. In the next section, we show that the 'Weinberg terms' in (5) are obtained from the DBI-action on the D8-brane by considering (α ′ ) 4 terms. Further, the coefficients a and b will be determined in terms of g 2 Y M .
III. DBI-Action on D8-Brane
The non-Abelian DBI-action on the D8-brane is
s is the Regge slope parameter,
s is the tension of the D8-brane. In (21), g MN is the induced metric given in (13) with M, N taking values 0, 1, 2, 3, · · · 8, Str is the symmetric trace and
where A M is the gauge field. The gravitational energy of the D8-brane is S DBI D8 | AM =0 and subtracting this as vacuum energy relative to the gauge sector, we havẽ
The right hand side above is expanded as in [23] to givẽ
In above, the α ′ 4 terms are contained in {}. Such terms have been earlier considered in the fluctuation analysis in the background intersecting branes [24] and in the computation of soliton mass [15] in the Sakai-Sugimoto model. We [25] have included them in our earlier study of pion-pion scattering. Now, focussing on SO(5) singlets by taking A i = 0 and A µ independent of the coordinates of S 4 , the coordinates of S 4 are integrated to givẽ
where the prefactor is justT 8 given in (18) and we have displayed the (α ′ ) 4 -correction terms in the second {} expression.
The above action (25) is general upto (α ′ ) 4 terms and the gauge fields A µ (x, z) and A z (x, z) can be expanded using complete sets of functions of z. A 4-dimensional effective action is obtained by integrating z. We now work in A z = 0 gauge. We are interested in the terms in (25) contributing to pion-pion scattering only, in particular of the form (5). In (25) the first two terms have been considered in SS-2 [12] for low energy π − π scattering. The use of (14) led to the result that the low energy behaviour of the π − π scattering amplitude is goverened only by the Π 4 vertex coming from the lowest derivative term in U , namely (U −1 ∂ µ U ) 2 , giving the first term in (5). Now, when (14) is substituted in the (α ′ ) 4 terms in (25) , it is seen that the last two terms of (5) come from the last two terms of (25) without involving B n µ (x). So, as far as a description of pion-pion scattering is concerned, the above is equivalent to using (14) without the second term and consistently omitting the Skyrme term in the final expression. In view of this we consider A µ (x, z) as
where ψ + (z) and U (x) are given in (15) . From (26) , it follows
which follows from (15) and the relation U 3 (z) = U 3 KK + U KK z 2 below (13). Substituting (27) and (28) in (25), we encounter the following z-integrals which are evaluated as
Introducing ℓ µ = U −1 (x)∂ µ U (x), the action (25) after the z integration using (29) becomes
where we have identified
which are same as in (20) .
The first two terms in (30) reproduce the Skyrme model with the identification (31). From (20) (and (31) ), it is encouraging to observe that the N cdependence of f π and e, in the large N c limit for fixed 'tHooft coupling g Now, using ℓ µ = U −1 (x)∂ µ U (x), the first two terms in (30) give (1). The last two terms in (30) give precisely the 'Weinberg terms' in (5) with the coefficients a and b determined as
This is our main result, namely, the 'Weinberg terms' are obtained from the D8-brane DBI-action in the Sakai-Sugimoto model with their coefficients determined. Using (8) and the relatioñ
which have been displayed earlier in (6) . As desired, these coefficients are dimensionless. The remaining terms in (30) give rise to pion-pion scattering leading to four and six pions in the final state.
IV. Effective Lagrangian for pions -Low energy pion-pion scattering
A lagrangian describing pions upto four derivatives of U (x) is given by the first two terms and last two terms in (30). The second term in (30) is the familiar Skyrme term introduced by Skyrme to stabilize the soliton. The holographic model reproduces this term. This term can also contribute to π − π → π − π scattering. As explained earlier (paragraph before (26)), in [12] , it was shown that when massive vector mesons are invoked, the contribution from the Skyrme term gets cancelled by the vector meson exchange diagrams. The resulting contribution to low energy pion-pion scattering amplitude comes from the four derivatives of U (x) in the first and last two terms in (30). These are exactly in (5) with the coefficients in (6) . There is an attempt to realize pion mass term in SS-1 and SS-2 model by introducing instantons in S 4 [16] . This, in view of Gell-Mann-Oakes-Renner relation suggests quark mass and it is not clear, at present, how to introduce quark masses in Sakai-Sugimoto model, though there are attempts in this direction [26] . In view of this, we add to the lagrangian for pions obtained from SS-1 and SS-2 model, a mass term for pions by hand as in (1) .
The pion-pion scattering amplitude from (5) and (34,6) is given by
which can be verified using the results in [4] with a = b/2. The partial wave scattering amplitudes can be calculated from (3) and (4). It is found that the I = 1 amplitude R 1 (s, t, u) is independent of the (α ′ ) 4 corrections and so we do not consider it here. The other amplitudes are found as
It is seen that the partial wave ℓ = 2 amplitudes are dependent only on the α ′ 4 terms. The dimensionless coupling C 4 in (6) is independent of N c , M KK , ℓ s , the parameters of the Sakai-Sugimoto model. It depends only on the YangMills coupling g 2 Y M . However, as we are working in the large N c holographic QCD, its numerical value cannot be fixed completely. The scale at which the 5-dimensional action is reduced to 4-dimensional action is the Kaluza-Klein scale, i.e., M KK . In SS-1 and SS-2, it was found that the choice M KK ≃ 0.94GeV is appropriate. We use the relation (20) or (31), to express g Table. 1 of [14] . Instead of the usual practice of large N c calculations of taking the leading order N c terms in the expansion and setting N c = 3 at the end, we have chosen to use directly 'large' N c values, since (34) involves only g 2 Y M which is evaluated at M KK = 0.94GeV in (37). The 'large' value is chosen to be consistent with the unitarity bound of the scattering amplitude. By numerical calculations using various values of N c starting from 3, we find the lowest value of N c which makes the scattering amplitude ≤ 0.5, as 11.
V. Numerical Results and Discussion
We have evaluated the partial wave scattering amplitudes in (36) for π −π → π −π scattering below 1GeV for various values of N c and find that the lowest N c value for which the amplitude T 0 0 is within the unitarity bound, i.e., |T 0 0 | ≤ 0.5 is N c = 11. With this value, we find C 4 = 1.38 × 10 −3 and a and b are obtained using (6).
In Fig.1 , we have plotted the amplitudes T 0 0 with √ s evaluated using (1) and (5), using our result for C 4 for N c = 11. The points + are obtained using (36) with N c = 3. They follow nearly the current algebra result. They, besides violating the unitarity bound, do not agree with the experimental data in Fig.2 . The 'almost linearly rising' behaviour of the current-algebra result is ameliorated by the α ′ 4 corrections added as in (36) with N c = 11.
The experimental data on the phase shifts δ 0 0 are taken from the analysis of Kamiński, Peláez and Ynduráin [27] . Using these phase shifts, we have evaluated the amplitude T 0 0 and compared with our theoretical results with N c = 11 in Fig.2 .
From this figure (Fig.2) , it is seen that the experimental curve is satisfactorily explained by the theoretical amplitude in (36) with N c = 3. It is useful to compare our theoretical curve with [4] (their Fig.7 ; with b = −a and for a = 0.5, 0.7, 1 in units of 10 −3 ). The curves in [4] show the vanishing of the T 0 0 amplitudes after √ s = 1GeV while the experimental amplitudes vanish around √ s less than 1 GeV in agreement with our theory, bringing in the holographic QCD description closer to realistic QCD. In [28] , meson-meson scattering am-plitude was considered using non-linear and linear chiral lagrangians and a best fit for T 0 0 with various values of their m bare (σ) is obtained. This is fit is in agreement with our theoretical curve in holographic QCD approach. Now, we consider ℓ = 0; I = 2 amplitude T 2 0 . This evaluated using (36) and plotted in Fig.3 along with the results obtained using the experimental phase shifts from [24] . It is seen from the Fig.3 , that our theoretical amplitude upto √ s = 0.6GeV are in reasonable agreement with the experimental amplitude calculated from the phase shifts. In this case, the lowest inelastic process is ππ → ππρ and as the ρ-meson mass is 770 MeV, the above description is inadequate after this value for √ s as we have not taken into account the rho production.
We now consider ℓ = 2 ; I = 2 amplitude T 2 2 . This is evaluated using (36) with M KK = 0.94GeV and N c = 11 and is plotted in Fig.4 , along with the experimental amplitude calculated using the phase shifts from [24] . The agreement with the experiment is reasonable. The amplitude T 0 2 can be calculated from (36). However, as seen in [24] (their Fig.7.1c) , the phase shifts δ amplitude from (36) (dotted curve), only α ′ 4 terms contribute and the experimental data from [27] 
